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been suggested by Orwoll” for the evaluation of the x 
parameter of polymer-solvent systems. 

The polyisobutylene-benzene system may be a suitable 
candidate for further investigation employing the present 
experimental technique. The strong dependence of the 
x parameter of this system on concentration and tem- 
perature has accurately been formulated by previous ex- 
periment~.’~ 

Registry No. (Styrene).@-divinylbenzene) (copolymer), 
9003-70-7; cyclohexane, 110-82-7; toluene, 108-88-3; methanol, 
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ABSTRACT A new model is proposed to  describe the dynamics of a solution of rigid-rodlike particles. A 
new expression is obtained for the stress tensor of the solution. The kinetic equation for the problem is solved 
by using the projection operator method. The loss and storage moduli, non-Newtonian viscosity, and normal 
stresses are calculated. 

1. Introduction 
In recent years there has been an increased interest in 

the study of dynamical and transport properties of non- 
spherical molecules. In particular, molecules having cyl- 
indrical symmetry have been studied extensively due to 
their importance in the theories of liquid crystals and of 
linear, rigid polymer particles. The rigid dumbbell and 
rigid, multibead rod frequently are used as models for these 
particles. In these models two or more spherical particles 
or “beads” are spaced at  equal intervals along a straight 
line. The “free space” between the beads is assumed to 
be penetrable by the molecules of the solvent in which the 
rodlike particle is suspended. The diffusional (longitudinal 
transverse) anisotropy of the rod is then a consequence of 
hydrodynamic interactions among the beads. This “porous 
rod” model is obviously both inadequate and oversimpli- 
fied. The large rodlike particles (for example, long polymer 
chains or cylindrical viruses, like tobacco mosaic virus) 
more closely resemble continuous impenetrable bodies. 
Even if some penetration of the “inside” of the polymer 
particle by solvent is possible, it  is unlikely that macro- 
scopic hydrodynamics can be used to analyze the conse- 
quences. 

In the present paper a new model is proposed for the 
particle-solvent interaction which we hope will provide a 
more convenient and realistic tool for the study of rheo- 
logical properties of such solutions. The mechanical model 
which we advocate here is that of a continuous, thin fiber, 
impenetrable to the solvent and characterized by a uniform 
distribution of the mass along its length (slender body). 
The spatial configuration of such a particle is described 
by the location of its center of mass and by a vector di- 
rected along the particle axis. The length of this vector 
is proportional to the length of the particle. For a strictly 
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rigid particle (which we shall consider in this paper) it is 
only necessary to introduce a unit vector parallel to the 
long axis of the molecule, since the particle has but five 
degrees of freedom. 

The anisotropic mobility of the particle can be taken into 
account by assigning to it a cylindrically symmetric friction 
tensor. The two friction coefficients associated with this 
tensor can be identified with the familiar expressions of 
slender-body hydrodynamics’ 

2a  
(1.1) 

‘I1 = ”1, ( L / a )  - 3/2 + In 2 

and 

Here til and tI are the friction coefficients for motions in 
the longitudinal and transverse directions, qo is the solvent 
viscosity, L is the particle length, and a is the cylinder 
radius. However, we think it is more reasonable to de- 
termine the value of these coefficients from experimental 
data such as, for example, the translational and rotational 
diffusion constants at infinite dilution. The reason for this 
is that the macroscopic hydrodynamic theory from which 
the formulas (1.1) and (1.2) are derived may not adequately 
account for the drag on an individual molecule and even 
if it did we do not know what type of boundary conditions 
should be used. For example, for the tobacco mosaic virus 
(TMV), which is a very good example of a rigid-rodlike 
particle, the ratio K = of the friction coefficients 
calculated from the above expressions is about 0.7, while 
the same ratio calculated from existing experimental data 
(on translational and rotational diffusion) is about 0.3. The 
same ratio has been computed by Kirkwood and Auer2 for 
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If the gradients are small on the scale of the particle length, 
we can approximate (2.7) and (2.8) by 

mR(t)  = -F[R - w(R)] + @(R) (2.9) 

mr(t) = - PVRW(R)] 2F(r) r.VR@(R) (2.10) 

Except for the anisotropic friction tensor these equations 
of motion are very similar to those for the simple dumbbell 
model. 

For a rigid rod we have an additional constraint 

r2(t) = l 2  (2.11) 

r-r = 0 (2.12) 
from which it follows that 

and 
r.r = -r.r (2.13) 

(The length of the rod is L = 21.) These relations imply 
that the tension force inside the rigid particle is given by 
IF(r)l = U’(r) = 

1/1( [ , ,  (e-VR)e.w(R) + (e.VR)e@(R) + me.6) (2.14) 

The equation of motion for the (unit) orientation vector 
e is 

me1 = -[1[e, - C?*VRW,(R)] + (e.vR)@,(R) (2.15) 

wherein e ,  and e, are the components of e and e per- 
pendicular to the direction of e. In general we use the 
symbol 

a, = (I - ee).a 

to denote the transverse component of a vector a. 

3. Stress Tensor 
The increase of stress due to a dilute suspension of 

macromolecules can be represented as a sum of inde- 
pendent contributions due to the separate rodlike particles. 
In order to take account of the internal stress generated 
inside a particle at the location of its total center of mass 
R, we define the microscopic mass density of the rod by 
5(Ro,t) = mHR0 - rl(t)l + S[RO - r ~ ( t ) l J  = 

2m cosh [f/zr-VRo]6[Ro - R(t)] (3.1) 

Here 2m is the total mass of the rod. The equation of 
evolution for this mass density can be expressed in the 
form 

d$(RoJ) = -Vb.P(Ro,t) (3.2) 

where p(&,t) is the macroscopic momentum density of the 
particle 

P(R0,t) = @(t) - 1/2r(t) tanh [l/zr(t).v~,]]5(Ro,t) (3.3) 

The equation of motion for the momentum density is, in 
turn, given by 

d&(Ro,t) = -V,.(R(t)R(t) + 1 / r ( t ) k ( t )  - 
l/[R(t)r(t) + r(t)R(t)] tanh [‘/r(t).Vb])jj(Ro,t) + 

[R( t )  - l/zr(t) tanh (l/zr(t)-V,)]b(Ro,t) (3.4) 

By neglecting nonlinear terms in the gradients, this can 
be reduced to the simpler form 
atP(Ro,t) + V~.w(Ro)w(&)/i = 

R(t);(Ro,t) + V,G(RO,t) (3.5) 

where the microscopic stress tensor contribution due to 
the rod is 

an infinitely long array of beads. They obtained a value 
of 0.5, in agreement with the limiting value predicted by 
the slender-body equations (1.1) and (1.2). 

In the next section we discuss in detail the equations of 
motion for the linear particle, taking into account the 
presence of flow and the action of an external force. In 
section 3 a new general expression for the stress tensor is 
derived and in section 4 we derive the kinetic equation 
appropriate to our model. Model rheological calculations 
for a dilute solution are presented in section 5. Details 
concerning the solution of the kinetic equation are rele- 
gated to Appendices. In the last section a general dis- 
cussion of results is given. 

2. Equation of Motion 
Let us consider the dynamics of a single rodlike particle 

suspended in a continuous medium. We shall assume that 
the gradients in the systems are small on the scale of the 
particle length. The particle will be modeled as an element 
of a straight line with mass distributed uniformly along 
its length. By rl and r2 we denote the locations of the 
centers of mass of the parts gotten by cleaving the entire 
particle into two at  its center of mass 

(2.1) 
We assume that the equations of motion for both “parts” 

(2.2a) 
(2.2b) 

K(r,r) is the friction force acting on the half of the rod 

K(r,r) = -,$[r - w(r)] (2.3) 

F = Ellee + - eel (2.4) 

e = (rl - r2)/lrl - r21 (2.5) 
By F(r) we denote an effective binding force which is 
responsible for keeping the two parts of the rod bound 
together. Thus 

F(r) = -eU’(r) (2.6) 
where U(r)  is the binding potential energy. @(r) is an 
external force acting on the rod at the point r. Although 
@(r) could include forces of interaction with other rods 
present in the solution, it is assumed here that the solution 
is sufficiently dilute that these particle interactions can 
be neglected. We also shall assume that forces due to 
sources located outside the system do not distinguish be- 
tween the two parts of the particle. The case of a “dipolar” 
particle, with one end positive and the other negative, is 
treated in Appendix A. 

By w(r) in the expression (2.3) we denote the mean 
velocity field of solvent calculated at the point r. It is now 
more convenient to replace the vectors r, and rz by the 
coordinates of the total center of mass R and the vector 
r = rl - r2 connecting the two “subcenters”. The equations 
of motion for these coordinates are respectively 
2mR(t) = 

R = (r, + r2)/2 

of the rod can be expressed in the form 
mr, = K(rl,rl) + F(r, - rz) + @(rl) 
mr, = K(rz,r2) - F(r, - r2) + @(rJ 

with its center of mass a t  r 

and the friction tensor 5 is given by 

where e is the unit vector directed along the axis 

-2&[R - cash (l/zpv~)W(R)] + 2 cash (YzpVR)@(R) 
(2.7) 

and 
mr(t) = -&[r - 2 sinh (l/zr.VR)w(R)] + 2F(r) + 

2 sinh (f/2pVR)@(R) (2.8) 
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b(Ro,t) = -[R(t)R(t) - w(Ro)w(Ro)lP(Ro,t) - 
74r(t)r(t);(RO,t) - 3/4r(t)f(t)ij(R0,t) (3.6) 

Explicit expression for the accelerations R(t) and r(t) are 
provided by eq 2.9 and 2.10. 

The average stress due to the linear particle can be 
obtained provided that the probability distributions of the 
center-of-mass velocity R and the internal motion velocity 
r are known. We also shall need appropriate distribution 
functions for the relative and center-of-mass coordinates 
r and R. Following a standard type of approach, we as- 
sume that the velocity distribution of the "partial" centers 
of mass located at  rl and r2 can be approximated at any 
time by the product of two local Maxwellian distributions 
(P  = l / ( k ? 3 )  
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and correspondingly, the stress tensor due to the rigid rod 
is 

grigid(&,t) = 
-1(2kT)c(R,,,t) + 3kTc(Ro,t) (ee) + ' /z~(R~,t)~, ,1~(eee.  
a(Ro,t)-e) - f/zmc(Ro,t)Z2( [ea(Ro,t)e.a(Ro,t) - ee(e. 
4'1) + '/zc(Ro,t)12(eee.r(R~).e) - 72l2c(Ro,t)(ee).y(RO) 

(3.14) 

The averaging in (3.14) is performed with respect to the 
time-independent distribution of the particle orientation 
vector e. As before, our expression (3.14) differs from the 
known formula for the stress tensor of the rigid rod3$"' by 
the presence of the term which is quadratic in the velocity 
field gradient a and by all the terms involving the tensor 
y. The derivation of the stress tensor presented here also 
differs from those of other authors. Furthermore, there 
are differences between the stress tensor (3.14) of our 
theory and the analogous expressions recently used by Doi 
and Edwards6 and Jain and Cohen.8 The first and second 
terms of (3.14) are the same as those in ref 6 and 8 but 
there is a nontrivial difference in the third term regarding 
the factor accompanying the average (eeee). According 
to our theory this term originates from the longitudinal 
tension condition (2.14) and so is multiplied by the long- 
itudinal component of the friction tensor. In the theories 
of Doi and Edwards and Jain and Cohen it is multiplied 
by the inverse of the rod's rotational diffusion coefficient, 
which is (see (5.3) below) proportional to the inverse of the 
transverse component of the friction tensor. 

4. Probability Distribution 

ration space is defined by 
The microscopic density in the single-particle configu- 

(4.1) ?(Ro,ro,t) = 6[R(t) - RolG[r(t) - rol 

at? + Vq&,,(Ro,ro,t) + V,;~,,(Ro,ro,t) = 0 (4.2) 

The corresponding currents related to the total cen- 

and satisfies the continuity equation 

ter-of-mass and internal variable flows are 

Jh(RO,ro,t) = R(t)?(Ro,ro,t) (4.3) 

Jro(Ro,ro,t) = r(t)?(RO,ro,t) (4.4) 

and 

The equations of evolution for the currents can be written 
as 

v~;[w(Ro)W(&)]f = -vh*[kR - 
w(Ro)w(Ro)]f - V,;[rR]? - m-'&[JRo - w(R0)A + 

m-'+(Ro)j (4.5) 

and 

atJro + v r , . [ r o . ~ ( ~ ) r o . ~ ( ~ ~ ~ ?  = 
-V,;[rr - ro~a(Ro)ro~a(Ro)]f - V,-[Rr]? - m-'&[Jro - 

ro.a(RO)fi + 2m-'F(rO)f + m-'ro.y(Ro)f (4.6) 

To obtain these results the equations of motion (2.9) and 
(2.10) have been used to eliminate the accelerations. The 
tensors a and y are defined by (3.11) and (3.12). 

The so-called inertial terms appearing on the left-hand 
sides of eq 4.5 and 4.6 are the only ones that would occur 
if the flows in configuration space were to occur without 
dispersion about the appropriate average velocities. 
Consequently, it is reasonable to expect that the deviations 
represented by the right-hand sides of these equations will 
be small. By setting these deviations equal to zero we 

(3:7) 

In terms of the total center-of-mass velocity and the rel- 
ative velocity of the two subcenters, this distribution be- 
comes 

exp(-Pm[R - w(R)I2) exp 

Calculations must be performed differently for elastic 
and rigid rods since in the latter case there is an additional 
constraint in the form of the factor 6(r.r) which must be 
introduced into the distribution function (3.8). 

For the elastic rod we obtain the formula 

1 1 
a(R) ) p ( R o , t )  - (rF(r) )p(Ro,t) - (rrP 

Here p(&,t ) ,  the mean local mass density of the rodlike 
particle, is related to the particle number density c(Ro,t) 
by the formula 

p ( R o , t )  = 2mc(Ro,t) (3.10) 

The quantity a(R) appearing in (3.9) is the velocity field 
gradient 

a(R) = VRW(R) (3.11) 

and y(R) is the second-rank tensor defined as the gradient 
of the external force 

Y(Ro)P(RO,t) (3.9) 

y(R) = VR9(R) = -VRVRUext(R) (3.12) 

The averaging indicated by the symbol (-) is with re- 
spect to the unknown time-dependent distribution of the 
internal coordinate r. Our expression (3.9) differs from 
the already known3 formula for the stress tensor contri- 
bution of elastic dumbbells (to which it is closely related) 
by the presence of the terms involving the tensors (3.11) 
and (3.12).4 

Similar calculations can be performed for a rigid-rod 
particle. We must take into account the constraint (2.12) 
and remember that the tension inside the particle is de- 
termined by eq 2.14. The average of the relative velocity 
tensor (over the velocity distribution) is then given by the 
expression 

2 
mP 

(rr) = (I - ee)- + (ea(R))(ew(R))P (3.13) 
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obtain equations which can be solved for the quasi- 
steady-state values of the currents. Since our configuration 
space formalism makes no provision for computing the 
distributions in momentum or velocity space, some ansatz 
must be introduced to deal with the terms of (4.5) and (4.6) 
which are quadratic functions of R and r. What we do here 
is replace these terms with their local equilibrium averages 
calculated with the help of the velocity distribution 
function (3.8). This procedure apparently is equivalent 
to the use of the "entropic" or "Brownian" force in other 
formulations. Using these approximations we obtain the 
following expressions for the currents: 
Jq(&,r0,t) = w(Ro)? - f/,kT€-'.Vd - ml-'.w(&)V,; 

and 
&,(R,,,ro,t) = rO.a(&)f - 2kT[-'.V,j - m[-'.V&. 

w(Ro)(ro4t,J)? + 2t-'Wr0)? + €-'.(ro.r(Ro))? (4.8) 
The result of substituting these expressions into the con- 
tinuity equation (4.2) is the following equation of evolution 
for the microscopic density in the particle configuration 
space: 

(ro4Ro))? + t-'.Q(Ro)? (4.7) 
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S m x  = vR;(mt-').W(Ro)va.(eo.cr(Ro)) + mfl-lVeo* 
[V,-w(Ro)eo.a(Ro).(I - eoeo)] (4.16) 

is a mixture of derivative operators pertaining both to the 
center-of-mass and to the orientation coordinates. 

When the velocity gradient a is independent of position 
[so-called "homogeneous flow"] and the gradient of the 
external force r is spatially uniform, the orientational 
distribution function @(e$) needed to compute the stress 
tensor (3.14) satisfies the partial differential equation 

at$(eo,t) + V,;(eo.a)$ = Sor$(eO,t) (4.17) 

which, apart from the term involving the external force, 
is identical with the equation used by Kirkwood and Auer.2 

5. Rheology of a Dilute Solution 
The external force gradient and the enforced flow of the 

mixture both tend to orientate the rodlike particles. The 
transport properties of the anisotropic "oriented" fluid are 
different from those of the corresponding isotropic fluid. 
There are two interesting limiting cases of the rheology 
of "orientable" fluids. In the first we apply a small-am- 
plitude, oscillatory shear to the initially disoriented solu- 
tion, probing the dynamics of an equilibrium, isotropic 
solution. In the second, we determine the transport 
coefficients of a fluid which is in a stationary flow with a 
constant rate of shear. The transport coefficients asso- 
ciated with the second case are characteristic of the 
"oriented" fluid. In the case of a small-amplitude, spatially 
uniform oscillatory rate of shear the velocity gradient has 
the form 

a(t)  = ao(w)eiwt (5.1) 

Linear response theory leads to the following expression 
for the stress tensor contribution due to the rigid-rod 
particles: 

The same equation is satisfied by the time-dependent 
probability density of the configuration space variables. 

The derivation must be slightly modified in order to 
obtain the analogous evolution equation for the rigid-rod 
particle. Since one degree of freedom (the motion along 
the axis) is permanently frozen, it must be that 

~ro(ro,RO,t)~fo = 0 (4.10) 

Therefore, only the transverse component of the current 
(4.8) remains and it is given by the expression 
aroL(eo,&,t) = Zeo.a(Ro).(I - eoeo)? - 
212TZ-'E,-'(I - eoeo).V,$ - mZfl-lV~~w(Ro)eo~a(Ro)~(I - 

eoeo)? + FL-'leo4Ro)41 - eoeo)? (4.11) 
The microscopic density in the five-dimensional space is 
defined by the formula 

d(&,eo,t) = SIR0 - R(t)16[eo - e@)] (4.12) 
and satisfies the equation of evolution 
a 2  + V~;w(Ro)d + veo*(eo.a(Ro))d = 

Here 

[Sam + So, + S m x l d  (4.13) 

is the Smoluchowski operator for the center-of-mass dif- 
fusion and 
so, = 

2kT 
TV,: + V,;eoeo*a(Ro)*eo - EL-'Ve;(I - eoeo).r(Ro).eo 
1 5 1  

(4.15) 
is the orientational diffusion operator. Finally 

where 

Drat = 2kT/125, (5.3) 

is the rotational diffusion coefficient of a rod. 
From the expression (5.2) it follows immediately that 

the shear viscosity increase due to the presence of rods is 

and 

(5.5) 
c12 

6 ~ ( w  = 0) = -[til + 1.5fJ 30 
The bulk viscosity increase is 

S f  = '/lec51,12 (5.6) 

and for the Trouton viscosity we obtain the simple rela- 
tionship 

TT(U) = 36T(w) (5.7) 
The two intrinsic moduli of rigidity are given by the ex- 
pressions 

Re G(o) 3( kT) [w/6DrOtl2 
[G'(w)] = lim - = - - (5.8) 

C-O 2mC 5 2m 1 + [w/6Dr0,l2 
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and 

- Im G(w) - wqo [G”(w)J  = lim - 
C-O 2mc 
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t 

For large frequencies (w >> 6D,) our theory predicts the 
following asymptotic behavior for these moduli: 

(5.10) 
3 

[G’(u)],-~ - ikT/(2m) 

Expression 5.11 reduces to the well-known result obtained 
by Auer and Kirkwood2 provided that the ratio of the 
longitudinal and transverse mobilities for the infinitely 
long rod is calculated using eq 1.1 and 1.2 for the two 
friction coefficients. However, it should be noted that the 
value of this ratio obtained from the experimentally de- 
termined rotational and translational diffusion coefficients 
often differs quite significantly from the asymptotic ( l l a  - a) limit of = 0.5. The relation between the ro- 
tational diffusion coefficient and the transverse friction 
is given by eq 5.3. The translational diffusion coefficient 
can be expressed in terms of both friction coefficients as 

r .I 

(5.12) 
k T  1 

Dtransl = 6 [ 6 + J 
For the tobacco mosaic virus (TMV), which is a good ex- 
ample of the rigid-rodlike particle, with a length 21 = 3000 
A and diameter d = 180 A, we have3 Drot = 350 f 30 s-l 
and Dtrmsl = (3.4 f 0.1) X lo8 A2/s. These values are for 
a water solution at  20 “ C  in the presence of a sodium 
phosphate buffer (pH 7.5) .  The friction coefficients cor- 
responding to these data are t1 = 1.03 X lo4 and (,, = 3.22 
X lo-‘ g/s: their ratio is K = [,,/(I = 0.313. Let us now 
use these friction coefficients to compute the intrisic vis- 
cosity 

(5.13) 

of the TMV solution. Using the value 2m = 6.48 X 
g/molecule for the mass of the TMV particle,l0 we obtain 
an estimate of [q] = 22 cm3 g-I. This is approximately 25% 
less than the observed experimental value 27.28 g-l cm3. 
The discrepancy between these two values may be due, at 
least in part, to the fact that we used the viscosity of pure 
water a t  20 O C  because data for the sodium phosphate 
buffer were not available. 

We have calculated the rigidity moduli (5.8) and (5.9) 
as functions of the reduced frequency o* = w/6DrOt for 
different values of the friction coefficient ratio K = tll/(L. 
Figure 1 displays the results. Pertinent experiments were 
performed by Nemoto et al.,” who measured the storage 
and loss moduli of dilute solutions of TMV in glycerol- 
water mixtures. Unfortunately, despite the claims made 
by these and othel.3 authors, the agreement between theory 
and experiment is a t  best only qualitative. For the as- 
ymptotic, high-frequency limit of the storage modulus we 
obtain (in agreement with the Kirkwood-Auer result) 

2@ lim [G’(o)]- = 0.6 
u-m k T  

while the experimental value is 0.99. 

Figure 1. Loss and storage moduli vs. the reduced frequency, 
w* = 0/6D,. The dashed curve and circles, respectively, indicate 
the theoretical predictions and experimental” values of [ G’- 
(w)] (2m/kT) .  The solid curves and the triangles indicate the 
K-dependent theoretical predictions and the experimentall’ values 
of [G”(w)J(2m/kT): K I tll/cl. 

The asymptotic value of the loss moduli is given by the 
expression 

2m 1 2 
lim [G”(o)]-  - = - K  
u-m k T w *  5 

The numerical value is 0.2 for the Kirkwood-Auer theory 
and 0.13 for the present theory, using the experimental 
value of K = 0.313. The experimental value of about 3 is 
far greater than any of the theoretical predictions. 

The large discrepancies between the experimental results 
and linear response theory are rather disquieting. They 
may indicate that the simple diffusion-type theory is in- 
capable of producing predictions of the transport prop- 
erties. However, more precise measurements of the moduli 
are needed before a final conclusion can be reached. 

A convenient feature of the present theory is the fact 
that we can recover results obtained previously for the rigid 
dumbbell model by assigning to K the value of unity. Since 
the parameter K is a measure of the anisotropy of the 
transport properties of the rod, we may conclude that 
results obtained for this particular value pertain to par- 
ticles with no anisotropic translational properties. The 
value of K = 0 corresponds to the opposite extreme of 
particles which only can move along their symmetry axis. 

The non-Newtonian effects in the “oriented” fluid can 
be studied by considering a steady-state, nonlinear re- 
sponse of the stress to a constant (time independent) rate 
of strain turned on abruptly at time t = 0. To account for 
this response we must solve the kinetic equation (4.17) for 
an arbitrary, constant shear rate 

a = iun,n, 
and subject to the initial condition d(t = 0) = 1/(4x). 
Details are provided in Appendices B-D. For a homoge- 
neous flow without external forces and particle interac- 
tions, it is convenient to use the Giesekus form of the stress 
tensor. This involves eliminating the fourth-rank tensor 
(eeee) from (3.14) by using the equation of change for (ee) 
obtained from the kinetic equation (B.1). The resulting 
Giesekus form of the stress is given by the expression 

-IkTc(2 - K )  + 3kTc(l - K)(ee)  + ‘ / k T c ~ [ a * ~ . ( e e )  + 
arjgid(t*) = 

d 
dt 

( e e ) . a * ]  - ‘/zkTcK - ( e e )  - kTcu(e-a*ea* - ee(e.a*)2)  

(5.14) 
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Here k the tensor transpose of the dimensionless shear 
rate CY* = a/Drot and t* = Drott is a dimensionless time 
variable. 

The shear viscosity increase caused by the (noninter- 
acting) rods then can be written in the form 
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!( 3 2)1'24*4,3(~*)]) 35 (5.15) 

where &* is the dimensionless rate of strain 

&* = &/Drot (5.16) 

and the dimensionless parameter v is defined by 

v = Dro:( $) = ?Drat (5.17) 
51 

The objects 4 L v ( ~ * )  are the projections on symmetry- 
adapted spherical harmonics of the Fourier time transform 
of 

~ L M ( w * )  = ( L W 4 ( e , 4 )  (5.18) 

By w* = u/Drot we denote the dimensionless frequency. 
The bracket notation of (5.18) is explained in Appendix 
A. 

The steady-state viscosity increase is given by 

ST(&*) = lim [io*Sq(w*,&*)] (5.19) 

It  is interesting to note that the viscosity of the present 
theory is a two-parameter function of the shear rate. For 
the TMV solution in water a t  20 "C the value of the pa- 
rameter v is 2.21 x Since v is so very small its con- 
tribution can be safely neglected. 

This dependence of the viscosity on characteristic mo- 
lecular parameters is a new feature introduced by our 
theory. All previous t h e o r i e ~ ~ ~ ~ J ~ - ~ ~  led to universal ex- 
pressions for the viscosity increase, common to all rodlike 
particle solutes. We recover the previous results for the 
stress tensor and viscosity obtained by Bird et al.3 for the 
rigid dumbbell model (as well as the results of Jain and 
Cohens and Dahler et al.13J6 in the low-concentration limit) 
if we assign to the parameters the values K = 1 and v = 0. 
Kuzuu and Doi12 and Doi and Edwards6 completely ne- 
glected the terms involving these parameters. 

0 - 0  

For the normal stress coefficients defined by 

*l(w*,&*) = & y - 2 [ ~ z z ( ~ * , & * )  - uXx(w*,&*)]  (5.20) 

and 

\ ~ Z ( W * , & * )  = & - 2 [ ~ x x ( ~ * , & * )  - u,,,(w*,&*)] (5.21) 

we obtain the following expressions: 

For small values of the shear rate &* the solution of the 
kinetic equation (4.17) can be written as a power series in 
&*. Details of this series solution are reported in Appendix 
C. For a stationary flow we obtain the following approx- 
imations to the viscosity and normal stress coefficients: 
S?l(&*) = 

(5.24) 
*,(&*) = .. 

841555 1103 =( 1 - 14v - &*2( A) [ - 223608 - -K  1848 - 31v]) 
3ODrO? 

(5.25) 
kTc ((1 - K )  - 14v - &*( i) ( ~ ( 1  1891 - 

'kZ(&*) = -- 
105Dr0,2 

K )  - 11v]/ (5.26) 

For higher values of the reduced rate of strain we have 
solved the kinetic equation using the well-known projection 
operator technique. Details of this solution technique and 
of the approximations it entails are given in Appendix D. 
Results obtained with various values of the parameter K 

for the viscosity increase and the two normal stress coef- 
ficients are presented in Figures 2-4. Our calculations of 
the viscosity are compared with Wada's15 experimental 
measurements on TMV solutions. The agreement between 
the theoretical predictions and experiments is very good 
for &* < 3. For higher values of &* the experimental 
viscosity decreases more rapidly with the rate of shear than 
the theoretical predictions for K = 0.313. In fact, the two 
experimental points for &* > 3 lie outside the range of 
theoretical predictions for any admissible value (0-1) of 
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theory has been formulated so that after the values of a 
few essential parameters (like Drat, K ,  and v) have been 
established by experimental measurements on an infinitely 
dilute solutions, all of the remaining rheological observa- 
bles can be computed as functions of time (or frequency), 
rate of strain, and concentration. The theory presented 
here is restricted to very dilute solutions. 

The calculations which we have performed show that 
the theory is useful and provides a unified view of various 
rheological properties. However, two things have pre- 
vented us from thoroughly testing the theory. The first 
of these is the incompleteness of the experimental data and 
the diversity of its sources-properties have not been 
measured for one and the same solution. Furthermore, the 
presentation of results in overcrowded graphs and the 
all-too-frequent use of logarithmic scales makes it difficult 
to recover the experimental results from the research pa- 
pers. There is an obvious need for a comprehensive ex- 
perimental study of the flow properties of solutions of 
well-characterized rodlike particles! The second problem 
is that the accuracy of our theoretical predictions depends 
upon the accuracy with which we can solve the kinetic 
equation for the orientational distribution function, es- 
pecially for large values of the dimensionless rate of shear 
&*. Besides simple perturbation-like expansions in powers 
of &* which cannot be expected to work well for &* > 1, 
most previous investigators have used truncated spherical 
harmonic expansions, retaining the terms in (B.13) with 
L 6 10 or 12 and solving by numerical means the resulting 
(finite) set of coupled equations for the moments ~ $ ~ ~ ( t ) .  
In contrast to this, we have used the projection operator 
method to generate an approximate analytic solution which 
should be valid for all values of &*. Neither method is 
exact and so a truly satisfactory solution to the numerical 
problem is still missing. However, the two methods pro- 
duce nearly indistinguishable predictions of the viscosity 
Gp(&*) provided that &* < 10. At higher values of &* our 
method predicts that Go(&*) will approach a finite limit 
whereas the truncated moment method shows a monotone 
decay, presumably to zero. This comparison was con- 
ducted with the parameter values K = 1 and v = 0, which 
should cause our results to agree with those of Jain and 
Cohen. 

The referee has drawn our attention to several inter- 
esting papers on the dynamics of axisymmetric particles 
which treat the solute Brownian particle as a rigid ma- 
croscopic body with tensorial translational and rotational 
mobilities. An extensive presentation of this approach, as 
well as some additional pertinent references, can be found 
in the papers by Brenner et al.19 This approach is evi- 
dently more general (but also much more involved) than 
the simple “one-dimensional rod” model proposed in the 
present paper. Whether the added complexity is a nec- 
essary price to pay for an adequate description of rheo- 
logical properties of macroparticle suspensions is unknown 
because the theory has not been tested against experi- 
mental data. When the mobilities of this more complicated 
theory are adapted to the rigid dumbbell model, the pre- 
viously mentioned results of Bird and his co-worker~~*~ are 
recovered. For suspensions formed from cylindrical par- 
ticles of macroscopic dimensions the use of the Brenner 
description with the material friction tensors calculated 
on the basis of hydrodynamics is very likely to  be useful. 
I t  is less certain that those formulas will be reliable for 
particles of molecular dimensions. Only comprehensive 
tests involving a number of different experimental ob- 
servables can settle this matter. 
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Figure 2. Variation 6&-~*)/6q(O) of the shear viscosity with the 
dimensionless rate of strain iy* = iy!Drd. The triangles indicate 
the experimental values reported in ref 15. 
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Figure 3. First normal stress coefficient Sl(iu*)(Dro:/kTc) vs. 
iy*. 
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Figure 4. Second normal stress coefficient S2(iy*)(Dr,t2/kTc) X 

K .  In all cases the terms involving v, here equal to 2.21 x 

The discrepancies between theory and experiment for 
large values of &* may be due to interactions among the 
TMV particles, since Wada made no attempt to extrapo- 
late his results to the limit of infinite dilution. However, 
it also is possible that our approximate solution of eq 4.17 
is inadequate a t  high rates of shear. 

It should be noted that the same experiments with which 
we have made our comparisons also have been discussed 
by Bird et aL3 in connection with their studies of the rigid 
dumbbell model. The locations of the experimental points 
in their Figure 11.4.1 are incorrect and the agreement 
which they obtain between theory and experiment is for 
a rotational diffusion coefficient with the unacceptable 
value of l/s s-l instead of the experimental value of 400.3 
S-1. 

6. Final Remarks 
We have proposed a new, comprehensive theory of the 

dynamics of solutions containing rodlike particles. This 

103 vs. iu*. 

were found to be totally negligible. 
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Appendix A. External Fields 
By replacing the external forces @(rl) and @(r2) which 

appear in eq 2.2 with qlc#J(rl) and q2dr2), respectively, we 
obtain in place of (2.7) and (2.8) the two equations 

2mR = -25[R - cash (‘/~PVR)W(R)] + (A.l) 

mr = -&[r - 2 sinh (Y2r.VR)w(R)] + 2F(r) + (A.2) 

The external forces associated with the center-of-mass and 
relative, internal motions are defined by the formulas 

aCm = q l d R  + Y2r) + q244R - Y2r) 

= 2 cosh (y2r-VR)4(R); q1 = q2 = 1 (A.3a) 

= 2 sinh (y2r.VR)4(R); q1 = -q2 = 1 (A.3b) 

and 

@A = q i d R  + Y2r) + q2dR - Y2r) 

= 2 sinh (y2r-VR)4(r); q1 = q2 = 1 (A.4a) 

= 2 cash ( Y ~ P V R ) ~ ( R ) ;  91 = - q 2  = 1 (A.4b) 

The choice of q1 = q2 = 1 is the same as that made in the 
text and corresponds to gravitational or wall forces which 
do not distinguish between the two elements (ends) of the 
rod. The second choice of q1 = -q2 = 1 is appropriate to 
thejnteraction of a dipolar rod with an external electric 
field C#J = E. 

The analogues of the text equations (2.9) and (2.10) are 

mR -t , [R - w(R)] + 1‘”) ( A . 5 )  
‘ / a  r .  VR@(R)  

and 
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respectively. From these .we conclude that results appro- 
priate to the “polar” case can be gotten from those of the 
*nonpolar” theory by performing the interchange @ - 
1 / 2 ~ y .  The corresponding interchange for rigid rods is @ - ‘12Ze.y. To transform the theory from one model to the 
other, these interchanges should be made wherever the 
quantities @ and y occur in eq 2.9,2.10, 2.14, 2.15, 3.9,3.14, 
4.5-4.9, 4.11, and 4.15. 

Appendix B. Orientational Distribution Function 
for Simple Shear  

In the special case of the steady simple shear defined 
by (5.14), eq 4.17 for the orientational distribution function 

so = 82 = - i a  -(sin 6 5) + - 1 - a 2  

sin 6 88 sin2 8 &p2 
and 
6s = 3tu*(e.n,)(e-n,) - tu*(e.n,)(n,-V,) = 

a COS 8 
tu* 3 sin 6 cos 6 - sin3 6 - 

The spherical harmonics defined in the manner16 

eiM$PLM(cos 8) (B.4) (L + M)! 

are eigenfunctions of So with eigenvalues equal to -L(L + 
1). These functions satisfy the orthonormality conditions 

(LNIL ‘,M’ ) = ~L+LJM,M~ 03.5) 

(L,Mle) = YLM(e)* = (-l)L+MYL-M(e) 

wherein 

(B.6) 
In this spherical harmonic basis the matrix elements of 

the operator 6s conform to the relationship 

(L’,M‘IGS(L,M) = 
6S(Lfl + lIL,M)6Ltj6M<fi+1 - GS(L,-M + 

~IL , -M)~L(J~M~,M-~  + 6s(L + 2N + llL,M)6Lt,L+26Mtfi+1- 
6S(L + 2,-M + 1IL7-IM)6L,j+26Mlfi-1 + 6S(L - 2,M + 

11L,M)6Ltj-26Mtfi+1 - 6s(L - 2,-M + llL,-M)6~jL-26M~,M-1 
(B.7) 

and satisfy the conditions 
GS(L,M - 1ILJkf) = -6S(L,-M + lIL,-M) 

6S(L + 2,M - lIL,M) = -6S(L + 2,-M + lIL,-M) 

6S(L - 2,M - 1IL,M) = -6S(L - 2,-M + 1IL,-M) 
(B.8) 

The nonvanishing matrix elements of 6s are given ex- 
plicitly by the expressions 

1 [ ( L - M + 1 ) ( L + 3 )  
GS(L f l+  llL,M) = -tu* + 2 (2L + 1)(2L + 3) 

I (L + M + 1)(L + M + 2)(L + M + 3)(L - M + 1) 
(2L + 1)(2L + 5) [ 

6S(L - 2 f l +  1IL,M) = -&!* - 4 [ L - - 2 1 ] X  

( L  + M)(L - M)(L - M - 1)(L - M -2) 
(2L + 1)(2L -3) 

The two ends of a particle are indistinguishable. This 
implies that $(e$) = d(-e,t) and that the only terms which 
contribute to the expansion 

L 
4(e,t)  = (el@(t)) = 5 (elL,M)(L,Ml4(t)) (BJO) 

L=O M=-L 

are those with even values of L. Furthermore, because of 
the symmetry of the flow 

= d 6 , ~ )  = d4-w) (B.ll) 
This leads to the conclusion that 

(L,Ml@(t)) = (-l)M(L,-MldJ(t)) (B.12) 

which, in turn, permits us to rewrite (B.lO) as an expansion 

d e $ )  = C (elL,*M)(L,*Ml+(t)) 03.13) 

in terms of the symmetry-adapted orthonormal basis ele- 

L 

L=O M=O 
(L even) 
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ments (restricted to even values of L and M 3 0) 
IL,*M) E 2-1/2[1L,M) + (-l)MIL,-M)]; M > 0 (B.14) 

JL,*O) IL,O); M = 0 

The matrix elements of 6s specific to this new basis are 
related to those of the old as follows: 
(L’,*M’JGSp,*M) = 

(L’,*OlGSIL,*M) = 

(L’,*M’IGSIL,*O) = 

(L’,M’IGSIL,M); 

2112(L’,01GSJL,M); 

for M,M’>, 1 and M = M’ = 0 

for M 2 1 and M’ = 0 (B.15) 

21/2(L’,M’IGSIL,0); for M ’ 2  1 and M = 0 

Appendix C. Perturbative Series for @(e,t)  
The solution of eq B.l can be expressed in the form 
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The stationary distribution function in the presence of 
the shear flow can be obtained from the expression 

1 
I@(t)) = - l0,O) + I G @ ( t ) )  (C.1) 

2a’/2 
Introducing the Fourier-Laplace transform 

16@(w)) = Jmdt e-i”tlG@(t)) ((2.2) 

we obtain the integral form of eq B.1 
1 

iw* - So I W w ) )  = 7(w)l2,*1) + - 6S16@(w)) (C.3) 

with w* = WIDrot and where 

The perturbation 164(w) ) can be represented in the form 
of the series 

m 

1 W w ) )  = c 16@(n)(o) ) (C.5) 

with consecutive terms proportional to increasingly higher 
powers of &*. In particular, we find that 

IW%)) = y(w)l2,*1) (C.6) 

n = l  

and 

(%)]l2,*1, + --[ 1 --( 1 “) + 

iw* + 20 (””)I( 539 
i)1’214,*1) - 

io* + 20 49 iw + 20 iw* + 6 49 

( y)1/214,*3) - 

iw* 1 + 42 iw* + 20 (”)( 11 g)11216,*3) + 
iw* 1 + 42 iw* + 20 (”)( 11 E)1’*16,*1)1 ((2.8) 

and where 

Appendix D. Approximate Solution of Kinetic 
Equation Using the Projection Operator Method 

The simple series expansion can be expected to give an 
adequate approximation of the solution only for small 
values of the reduced rate of strain (&* << 1). In order to 
extend the range of h* we apply the well-known projection 
operator techniquel7J8 to the equation 

a t * l W t ) )  = (So + ss)lG@(t)) + 6Sl@eq) (D.1) 

with the initial condition IS@(O)) = 0. The operators in 
(D.l) are defined according to (B.2) and (B.3). We use the 
dimensionless time t* = D,,,t. 

In the Fourier-Laplace representation the equation of 
motion for the projection PIG@(w)) can be written as 

iw*Pp$(w*))  = 
PS$pJG@(o*)) + Q(o*)P1G@(o*)) + lE (w*) )  (D.2) 

where the “scattering” operator Q(w*) is given by the ex- 
pression 

Q6SP (D.3) 1 
io* - Q(S0 + SS)Q Q(w*) = PGSQ 

P is the projection operator onto the space spanned by the 
basis element IL,*M) and Q = 1 - P is the complementary 
projector. 

Because PGSP = 0 and So is diagonal in this repre- 
sentation, we can rewrite the operator a(@*) in the form 

Using now the operator equality 
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- 1 
iw* - So - 6s 

- - 1 
iw* - Q(So + SS) 
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where 

Xf,@ = lim[iw*ELM(u*)] (D.16) 
W - 0  

The appropriate coefficients are 
(D.17) = Eildtat + ~ i 2 h t a t  + - 3 stat =ih 

with 

1 
iw* - Q(So + 6s) (D.6) P(S0 + 6s) 

iw* - So - 6s 
we obtain the following expression for the “scattering” 
operator: 

V(w*) (D.7) 
1 

iw* - P S g  + V(w*) Q(w*)  = V(w*) - V(w*) 

where the “elementary interaction” operator V(w*) is de- 
fined by 

V(w*) = PSS 6SP (D.8) io* - So - 6s 

Equation D.2 is exact. The approximations we use to 

(1) We approximate the operator Q(w*) by 
proceed further are the following: 

rIO(w*) = Pas- 6SP iw* - So (D.9) 

(2) We approximate the vector IE(w*))  by its pertur- 
bation expansion through terms of third order in h* 

lE(w*) )  = [iw* - PS,,P][[P164(l)(w*)) + PJ6&2)(w*)) + 

where the vectors 16@)(w*)) are given in Appendix C. The 
final expression for the projection of the distribution 
function is 

P ~ ~ $ J ( ~ ) ( u * ) ) ]  - Q0(w*)16d(l)(~*)) (D.lO) 

6hM(@*) = (L,fM1&J(w) ) = 

where 

QLM(u*) = (L,*MIQo(~*)IL,*M) (D.12) 

and 
ELM(w*) = (L,fMlE(w*)) (D.13) 

The diagonal matrix element QiM(w*) can be expressed 
in terms of the matrix elements of the perturbation op- 
erator as 

[ (L,*MJGSIL,&(M + 1)) x 1 
iw* + L(L + 1) 

QIM(O*) = 

[(L,fMISS(L + 2,f(M +1)) x iw* + (L  + 2)(L + 3) 
( L  + 2,*(M + 1)ISS1L,*M) + 

(L,*M(GSIL+,f(M - 1) ) (L  + 2,f(M - l)JGSIL,fM)] + 
[ (L,fMIGSIL - 2,f(M + 1)) ( L  - 1 

iw* + ( L  - 2)(L - 1) 
2,f(M + l)IGSJL,fM) + 

(L,&M(GSIL - 2,f(M - 1)) ( L  - 2,f(M - l)l6SIL,fM)] 
(D.14) 

In the calculations performed in this paper we deal only 

For the stationary perturbation of the orientation dis- 

where we have used the selection rules (D.7). 

with the stationary-flow viscometric functions. 

tribution function we have 

The functions Q~M(u*) involved in the calculation of the 
non-Newtonian viscometric coefficients are given by the 
expressions 

iw* + 6 3 iw* + 20 

64 1 480200 1 + - -1 (D.19) 4719 io* + 42 3 zw* + 6 

318304 1 +--I 65 1 
4719 iw* + 42 3 zw* + 6 

40 1 220892 1 

35 1 186592 1 +--I 
4719 iw* + 42 3 tu* + 6 
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ABSTRACT: Terpolymers of but-1-ene and but-2-ene with sulfur dioxide have been prepared with a range 
of compositions and with meso and racemic but-2-ene units so that the microstructure might be characterized 
by 13C NMR spectroscopy. A model for high-frequency motion of a 1-olefin sulfone and a terpolymer with 
a high 1-olefin content is proposed; the model views the chain as a series of helices whose rotation is controlled 
by viscous drag at their surface and by the kinetics of the link articulation. Though a polymer consisting 
entirely of re but-2-ene sulfone units is 50 times as free as the but-1-ene polysulfone, according to Tl mea- 
surements, no extra flexibility results from the inclusion of a small proportion of such but-2-ene units at randomly 
distributed fixed points in a mainly but-1-ene sulfone chain. 

Introduction 
In poly( 1-olefin sulfone) chains electrostatic interactions 

between adjacent sulfone groups are sufficiently strong to 
create order in solution, which in the simplest accounts 
results in a helical segment model.'-4 The points of dis- 
order, or kinks, between helical units are randomly created 
in a poly(1-olefin sulfone) chain when a C-C bond is 
thermally promoted to the trans conformation so that its 
flanking sulfone groups are separated and their relative 
orientations are decoupled. Kinks may also be introduced 
chemically by the inclusion within the chain of a small 
proportion of cyclic olefin or 2-olefin structures, according 
to a simply theory that was supported by some measure- 
ments of the equilibrium longitudical dipole  moment.'^^ 
The dynamic behavior of but-1-ene and of but-2-ene po- 
lysulfone has been probed by TI and nuclear Overhauser 
measurements upon the main-chain 13C NMR signals.6-s 
It has been suggested that the consequence of the elec- 
trorestrictions present in the former chain is a relatively 
long correlation time for high-frequency segmental motion 
(7, = 26 ns at 303 K)6 and that their absence in the latter 
polymer, where the C-C bonds are trans, permits a much 
shorter correlation time (7, = 0.47 ns at 303 K).9 

Here we offer a development of some of these ideas. For 
the poly( 1-olefin sulfone) chain a simple hydrodynamic 
model is proposed for high-frequency rotations of the 
helical segments about their long axis and is examined by 
means of TI measurements upon the methylene carbon 
atoms of but-1-ene units in a terpolymer of SOz, but-1-ene, 
and but-2-ene. Before that test is performed and assessed, 
the 13C spectrum of these copolymers is related to the chain 
microstructure, which has three chief features: olefin se- 
quence effects, the meso/racemic relationship of two chiral 
centers linked by a sulfone group (m,/rJ, and the 
meso/racemic relationship of the two chiral centers within 
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a but-2-ene structure (mc/rc). In order to ensure that this 
latter feature has been properly characterized, a copolymer 
has been prepared from but-1-ene and trans-but-2-ene a t  
such a sufficiently low tempertaure that a large proportion 
of the 2-olefin units retained the configuration of the active 
centers to form an m, ~ni t .~JO The substitution parame- 
ters, ys = -2.7 ppm and 6, = 1.0 ppm have been used when 
making assignments.'J1 

Model of High-Frequency Motions of the Helices 
The terpolymer of SOz, but-1-ene, and but-2-ene is 

viewed as a system of linked cylinders, with one residue 
a t  a link (or kink) and m - 1 but-1-ene sulfone residues 
within a cylinder. For a cylinder of length 1, and radius 
a rotating in a medium of viscosity q about its axis defined 
by the positions of the kinks at each end,l2 

rc = {/kT 
where 

l= 
frictional torque at surface + torque a t  kinks 

angular velocity 
= 4rqa21, + {k 

As 1, = ( m  - l)l,,, we may write 
T , , ~  = ( m  - 1 ) ~ ~  + 7k 

where r0 is the contribution to the relaxation time of a 
helical section made by a but-1-ene sulfone unit of length 
1, and 7k is the characteristic relaxation time of the link 
or kink process. If as before,l p is the probability that the 
1-olefin unit is part of a helix and x is the mole fraction 
of those units in the chain, the number of helices con- 
taining m units is 

N ,  = ~ ( l  - px)'(px)"-' 
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